Comment on ''Fun and frustration with quarkonium in a 1¿1 dimension,'' by R. S. Bhalerao and B. Ram †Am.
͑12͒
whose solution is a parabolic cylinder function. 2 The solutions D ϪaϪ1/2 (z) and D ϪaϪ1/2 (Ϫz) are linearly independent unless nϭϪaϪ1/2 is a non-negative integer. In this special circumstance D n (z) has the peculiar property that D n (Ϫz)ϭ(Ϫ1) n D n (z), and D n (z) is proportional to exp(Ϫz 2 /4)H n (z/&). In general, the solutions do not exhibit this parity property and can instead be expressed as
where the physically acceptable solutions D (z) must vanish in the asymptotic region ͉z͉→ϱ. When these solutions are inserted into the Dirac equation, one obtains
In the last step the recurrence formula,
where the prime denotes differentiation with respect to z, has been used to obtain D Ј(z). On the other hand, the matching condition at xϭ0 leads to the quantization condition
where ␣ is given by Eq. ͑8͒. This condition would be equivalent to Eq. ͑15͒ of Ref. 1 if were to be restricted to a non-negative integer. However, our derivation of the quantization condition does not involve such a restriction which should not be imposed because the differential equations for 1 and 2 , Eq. ͑9͒ for xϾ0 and Eq. ͑10͒ for xϽ0, are not invariant for x→Ϫx.
By solving the quantization condition ͑16͒ for with the requirement that the solutions of Eq. ͑12͒ vanish in z→ϩϱ limit, one obtains the allowed energy levels by inserting the possible values of in Eq. ͑11͒. In passing, one should note that those energy levels are symmetrical about Eϭ0. The numerical solution of Eq. ͑16͒ is substantially simpler when D ϩ1 (&␣) is written in terms of D Ј(&␣):
͑17͒
Because the normalization of the spinor is not important for the calculation of the spectrum, one can arbitrarily choose D (&␣)ϭ1. By using a Fehlberg fourth-fifth order Runge-Kutta method 3 and came to the conclusion that the energy levels are given by
where I is the set of non-negative integers that satisfy one of the conditions
H n (z) is the Hermite polynomial of degree n and m is the fermion mass. where ϵE 2 /2g, ϵ(mϩgx)/ͱg, and H (z) is the Hermite function, 3 defined as
͑5͒
The confluent hypergeometric function ⌽(a,b;z) is expressed as It remains to be seen whether Eq. ͑10͒ has any solutions. In the Appendix, I prove that it has an infinite number of solutions if mϭ0. Unfortunately, I have not been able to generalize the proof to the m 0 case. However, a numerical attack to the problem reveals the existence of solutions to Eq. ͑10͒ for m 0. ,nϩ1), nϭ0,1,2,. .. . A more refined analysis, in which one uses the identity ͓cf. Eq. ͑5͔͒
shows that f () in fact vanishes only once in these intervals. It follows that the energy levels in the massless case are given by
EϭϮͱ2 n g, ͑A3͒
with n satisfying nϽ n Ͻnϩ1, nϭ0,1,2,... . Peter Palffy-Muhoray has made a very interesting comment on the entropy production associated with a temperature profile T(x) in a heat conducting rod.
1 With constant thermal conductivity, he shows that an exponential temperature profile, fitted to the hot and cold boundary temperatures of the rod, results in lower entropy production than does the linear profile observed by Irena Danielewicz-Ferchmin and A. Ryszard Ferchmin.
2 Palffy-Muhoray correctly points out that despite its lower entropy production, the exponential profile has never been observed. Thus Prigogine's theorem ͑minimum entropy production for observed nonequilibrium stationary states͒ 3 is violated in this case. Prigogine's theorem states that ''in the linear regime, the total entropy production in a system subject to flow of energy and matter...reaches a minimum value at the nonequilibrium steady state.'' 3 Alternatively, the theorem can be stated as ''...the steady state of a system in which an irreversible process occurs is that state for which the rate of entropy production has the minimum value consistent with the constraints which prevent the system from reaching equilibrium.'' 4 Reference 4 continues: ''This attractively simple criterion for the steady state is, unfortunately, not always valid.'' Klein illustrates this point by considering the evolution of a simple nonequilibrium problem, for which the minimum entropy production solution is close to, but different from the actual solution. Because the exponential profile is not stationary ͑because ‫ץ‬T/‫ץ‬tϰ‫ץ‬ 2 T/‫ץ‬x 2 is nonzero͒, one might argue that this profile does not constitute a violation of the theorem. A different type of failure of the theorem can result in nonequilibrium problems that have several stable stationary solutions, not just one ͑for fixed boundary conditions͒. Two-dimensional Rayleigh-Bénard flow is an example. 5 In this case heat flows upward, against gravity, in a heat-conducting viscous compressible fluid. The fluid is confined between reservoirs maintained at different boundary temperatures. There can be several different stationary solutions, with the observed one depending ͑sensitively͒ on the initial conditions of the fluid. Figure 1 shows three different Rayleigh-Bénard flows for an ideal gas law fluid with constant viscosity and conductivity. The dimensionless ratio of the kinematic viscosity and the thermal diffusivity is unity. The three stationary flows are stable to small perturbations, match the boundary conditions, vanishing flow velocity and fixed temperature at the top and bottom boundaries, and satisfy all three conservation laws. The six-roll solution has the least energy of the three. The rate of growth from a motionless initial condition is fastest for the four-roll solution. The entropy productions for the three solutions are not at all equal:
Nevertheless, by choosing appropriate initial conditions any one of the three solutions can result. 5 The existence of the three solutions shows that-even in the restricted case of stationary states-Prigogine's theorem does not hold. 
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